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Average cloudhierr (17). .............. 
Number of d a p -  
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GROUP DISTRIBUTION AND PERIODICITY OF ANNUAL RAINFALL AMOUNTS. 

By ROBERT E. HORTON, Coiisulting Hydraulic Engineer. 

[Voorheesiille, N .  Y., dogrist, 1922.1 

INTRODUCTION. 

The longest existing continuous rainfall record is that 
at Padua, Italy. Inasmuch as this record is of great 
value, on account of its length, for studies relat.ing to 
variations in mean rainfall, it is given lierewith in con- 
venient form and in English units, in Table No. 1. 

Esaininine a long rainfall record, such ns thnt of 
Padua, it m71 be noticed that n large proportion of the 
total number of vears occur in groups of hid1 or lorn 
years, such that d l  the yews in a m ~ i p  are eitfier above 
the mean or else below tha niean. tenilcncy togroup- 
ing of like y e w  occurs even where there is no visihle in- 
dication of an orderly or cyclic arrangement or periodic: 
recurrence of groups. Nvw if t,he occurrence of succes- 
sive like years was a matter of pure chance, t,lien there 
woulil be in any record a certain probable number of 
groups of 2, 3, 4, 5, etc., successivc like years. Inns- 
inucli as tlie occurrence of groups of like yey’s, especially 
low years. isof grcatiinportancein the applicationofraiiifall 
data, it  becomes of interest to inquire how the actual 
grouping of like years coin a.res with that which w*oultl 

of wet aid  dry yews. 
The reasoning here applied to rainfall recorils may also 

he applied to other hydrologic. data, such as the tlistrihu- 
tion of groups of cold and wrarni years, the occurrance of 
groups of low or hi h run-off in streanis, the occurrence 

In order to make the discussion general, using rainfnll 
records for purposes of illustration, values of the data 
under cliscussion will be described as (‘ events”; a series 

result from a chance distrimtion P 

of groups of yews o s large or deficient pcld of c.rops, et.c. 

of events wluch occur in the same may.? as, for esample, 
rainfall years all above the mean, or the results of the tos- 
sings of a coin where all cases are heads, will be de- 
scribed as “like events ”; events w-hich occur in opposite 
ways, as the alternate tossing3 of heads and tails with a 
coin, or the occurrence of wet nncl clry gears in succession, 
will be describe.1 as “unlike events ”; events which 
correspond to the occurrcnce of heads in 6he tossing of 
coins, or to years of rainfall, st.renm yield, crop yield, 
temperature, etc., greater than the meaii, will he called 
“ plus events,” and the opposite will be callecl “ minus 
events.” Any series of consecutive erents, whether 
like or not, may bo calletl a group. A series of 11. events 
which are all like, ani1 which events we both preceded 
and succeecled by at le& one unlike event, will be 
described as an “ R group ” of erents. A series of events 
,arranged in the order of their occurrence will be tles- 
cribeil as a “record.” The tlif€erence in value of mi event, 
from the mean value mill be called itm$; .‘‘ dep:irture.” 
In  the discussion of the accuracy i d  reccortl means. it is 
somet.inies convenient to use tlis iktion ‘.true itiwm.” 
ineaning thereby t,he result wliich woultl he obtainst l !rm 
a record of indefinitely great. length containing 110 oh- 
servational errors, ns tlistinguishecl from the mem of any 
series of n.z eve1it.s. The i!lustmt.ions liere given are 
nidnly derived from rainfall. for which the lett,er p is 
coininonly used to designate tlie 11ieail. In ortler tn 
inake this cliscussion niore general, ant1 t.o roserw blie 
letter p to designate probal)ility, t,he !ett:er J l  wi!I l ~ e  
used to designate the mean, whether of rainfall nr some 
other series of erent.s. 
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Year . 
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Inches . 

O ~ B E R .  1923 

. 735 .......................................... 
126 .......................................... .m .......................................... 
728 .......................................... 
729 .......................................... 
730 .......................................... 
731 .......................................... 
732 .......................................... 
733 .......................................... 
734 .......................................... 
735 .......................................... 
7% .......................................... 
737 .......................................... 
738 .......................................... 
.739 .......................................... 
740 .......................................... 
741 .......................................... 
74? .......................................... 
743 .......................................... 
744 .......................................... 
745 .......................................... 
7u1 .......................................... 
747 .......................................... 
7*. ......................................... 
74Q .......................................... 
750 .......................................... 
751 .......................................... 
75? .......................................... 
753 .......................................... 
754. ......................................... 
7.55 .......................................... 
75R .......................................... 
757 .......................................... 
7.58 .......................................... 
759 .......................................... 
760 .......................................... 
761 .......................................... 
762 .......................................... 
763 .......................................... 
764 .......................................... 
705 .......................................... 
7e6 .......................................... 
767 .......................................... 
788 .......................................... 
76Q .......................................... no ........................................... ni .......................................... 
772 .......................................... 
774 .......................................... 
776 .......................................... 

773 .......................................... 
775 .......................................... 
777 .......................................... 
.778 .......................................... 
. 779 .......................................... . 780 .......................................... 
751 .......................................... 
.7@ .......................................... 
783 .......................................... 
784 .......................................... 
. 785 .......................................... 
17m .......................................... 
1787 .......................................... 
1783 .......................................... 
1789 .......................................... 
1790 .......................................... 
In1 .......................................... 
1/92 .......................................... 
1793 .......................................... 
1794 .......................................... 
795 .......................................... . 796 .......................................... 
.791 .......................................... .?a .......................................... 
. m. ......................................... 
. 8M) .......................................... 
. 801 .......................................... .m .......................................... . 803 .......................................... 
80: .......................................... 
805 .......................................... 
.Ma .......................................... .an .......................................... 
808 .......................................... 
. 809 .......................................... 
. 810 .......................................... 
81 1 .......................................... 
812 .......................................... . 813 .......................................... . 814 .......................................... 
815 .......................................... 
81 R .......................................... 
. 817 .......................................... 
818 .......................................... 
. 819 .......................................... 
820 .......................................... 
821 .......................................... 
822 .......................................... 
823 .......................................... 
8?1 .......................................... 
825 .......................................... 
m .......................................... 
927 .......................................... 
825 .......................................... 

TABLE No . l.-Annwrl eciphtwn. Padua. dun 176 years. 1725- 
1900. &dw$from tubka of Dr . Juliue z a n n  . 
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1S74 .......................................... 
1875 .......................................... 
18711 .......................................... 
1877 .......................................... 
1878 .......................................... 
lS79 .......................................... 
18W ........................................... 
ISRI .......................................... 

Year . Inches . 
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1 
1 
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1 
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1 
1 
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1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
I 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
I 
1 
I 
1 
1 
I 
I 
1 
1 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
1 
1 
1 
I 
I 
I 
I 
I 
I 
I 
I 
I 
1 
1 
1 
1 
1 
I 
1 
1 
1 
1 
I 
1 
I 
I 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 

. 

D e w  
turn . 
-4.01 
-9.13 

+11.87 
+19.20 
+? . 50 
+O . 41 
+o . 21 
-0.84 
+O . 72 
+3.95 
-3.37 
-2.71 

-10.04 
-5 . ll? 
-8.50 

-11.45 
- 9 . z  
+5.13 
-5.66 
+1 . 79 
+4.03 
+7.70 
-8.3.1 
+7.54 
+? . 26 
-1.5R 
+8.37 
+3 . m 
+5.46 
-6.13 
+9.47 
+5 . ?S 
-? . 47 
+9 . PII 
+? . 30 
+LO4 
+IO . 46 
-11.37 
+3.40 
+8.?1 
+4.78 
-0 . m 
+1.6Z 
-3.85 
+7.89 

+?0 . 15 
+7.93 

+27.67 
+IO . 57 
-3.97 
+? . 18 
+3.24 

+12.74 
+o . 21 
-1.37 
-1.82 
+3.13 
-1.56 
-1.41 
-? . 75 
+2.?6 
+R . 95 
-0.34 
-1.45 
-4.44 

-10.39 
-7 . l a  
-7.51 
+3.40 
+7.11 
+1 . 43 
-0.62 
-5.46 
+O . 29 

+lo.% 
+5 . .% 
+1.67 
+8 .8  

+11.09 
+10 . 61 
+1 . 27 
+5.13 + 1 2 . 7 ~  
-4.83 
+9.m 
+4.43 
-7.87 
+6.63 
-5.19 
-0 .I 
-5.62 

-12.12 
-11.25 
-1.33 

-13.63 
-? . 47 

-15 . lm 
-3.22 
-3.85 
-7.91 
+5.10 -a 77 
-9.69 

+a 09 

Ratio to 
mean . 

Per cent 

?E- 
-0.12 
.O . n 
+o . 35 
+n . 57 
+O . 07 
+o . 01 
+o . O! 
-0 .a, 
+o . wz 
+o . 12 
-0.10 
-0.08 
-0.29 
-0.17 
-0.25 
-0.34 
-0 . ?8 
+n . 15 
-0.17 
+O . 05 
+o . 12 
+o . ?3 
-0.24 
+O . 22 
+o . 07 
-0.04 
+O . 25 
+O . 13 
+O . 16 
-0.18 
+o . 2s 
+o . 16 
-0.07 
+O . * 
+O . 07 
+0.03 
+o . 31 
-0.34 
+n . IO 
+o . 24 
+0.14 
-0 . o? 
+0.05 
-0.11 
+0.3 

+0.?3 
+o . s? 
+0.31 
-0.12 
+O . 07 
+o . 10 
+O . 3s 
+0.01 
-0.04 
-0.06 
+O . 09 
-0 . 04 
-0 . cu 
-0 . 08 
+O . 07 
+O.?l 
-0.01 
-0.04 
-0.13 
-0.31 
-0.21 
-0 .2  
+o . 10 
+o . 21 
+O . 04 
-0 . o? 
-0.16 
+o . 01 
+O . 30 
+O . 17 
+O . 05 
+O . 29 
+0.33 
+0.31 
+O . 04 
+O . 15 
+0.38 
-0.14 
+O . 27 
+O . 13 
-0.23 
+o . 20 
-0.15 
-0.02 
-0.16 
-0 . M 
-0.33 
-0.04 

-0 .Mu 
-0.40 
-0.23 
-0.44 
-0.09 
-0.11 
-0.23 
+O . 15 
-0.02 
-0.28 

+n.eo 

TABLE No . l.-Annziul preciphtwn. Padim . d w ' y  176 years. 12-57 
1900. dedwed frmii tables of Dr . Jiiliiur Hann-Continued . 

31.52 
23 . 5? 
31.13 
?fi . 5? 
37.39 
19.74 
35 . !B 
37.74 
37.51 
32.35 
31.87 
?4.19 
28.00 
27.54 
?9 . %Z 
3R . 76 
49.81 
37.71 
29.47 
33.21 
213.79 
37.35 
40.58 
?9.43 
40.74 
1 . 2 9  
4.4. a!? 
39 .!a 
25.73 
31.76 
31.87 
34.97 
?I . lm 
44.44 
31.09 
31.13 
3.39 
28.80 
33 . 913 
35.97 
4? . R7 
27 . .so 
?R . M 
42 . .w 
1 . 2 1  
2% 37 
3? . 35 

3 8  ?O 
34.91 
33.57 
?9.43 
?I3 . 95 
3? . 03 
27.62 
30.26 
35 . 14 
32 . M 
35.78 
35.53 
87.94 
27.15 
?I3 . 44 
39 . M 
2% 85 
?? . IS 
37.67 
1 . 7 3  
3 0 . 9  
3 5  73 
23.91 
39.12 

33.91 

m . fir, 

Depar- 
ture . 

.? . 39 
-10.39 
.? . 78 
-7.39 
+3.48 

-14.17 
+? . 02 
+3.83 
+3 . GO 
-1.56 
-? . OL 
-9.72 
-5.82 
-6.37 
-4.28 
+? . 85 + 1s . 93 
+3.80 
-4.44 
-0.70 
-7.13 
+3.14 
+6.67 
-4.48 
+e.= 
- 5. R2 

+R . 08 
-8.18 
-2 . 15 
-? . 04 
+o . 82 

-12.91 + 10.57 
-2 . R2 
-? . 78 
-9.5'2 
-5.11 
+o . 05 
+? . 06 
+S . 76 
-6.41 
-5.80 
f8 . 93 
+? . 30 
.5 . .u 
-1.91 
+G . 75 
+4.35 
+LOO 
-0.34 
-4.48 
-6.96 
-1.88 
-6.29 
- 3 . 6  
+1.?3 
-1.01 
+1.87 - 8. 3R 
+Lo3 
4 . 7 I i  
. 7.47 
+5.13 

-11.06 .. 11.73 
+3.76 

+12.82 
-2 . gs 
+4.82 - 10.70 
+5.21 

+Ian 

0.83 
0.R8 
0.92 
0.78 
1.10 
0.58 
1 .OB 
1.11 
1.11 
0.96 
0.91 
0.71 
0.83 
0.81 
0.87 
1.09 
1.47 
1.11 
0.87 
0.98 
0.79 
1.10 
1.20 
0.87 
1.20 
0.81 
1.33 
1.18 
0.76 

0 . !?4 
1.03 
0.62 
1.31 

0.92 
0.72 
0.85 
1.00; 
1.08 
1.26 
0.81 
0.83 
1.27 
1.07 
0. Lu 
0. sn 
1.20 
1.13 
1.03 
0.99 
0 . 8  
0.80 
0.41 
0.82 
0.89 
1.04 
0.97 
1. ffi 
0.75 
1. l? 
0.80 
0.78 
1.15 
0.67 
0.68 
1.11 
1.38 
0.91 
1.14 
0.09 
1.15 

n.94 

n.92 

........ 
- 

Per cent 

:%E- 
-0.07 
-0.31 
-0.08 
-0.22 
+o .10 
-0.43 
+o . OB 
+o .11 
+O .11 
-0.04 
-0 . 06 
-0.29 
-0.17 
-0.19 
-0.13 
+O .08 
+o .47 
+o .11 
-0.13 
-0.m 
-0.21 
+o .10 
+o .20 
-0.13 
+O .20 
-0.16 
+a 33 +o .18 
-0.24 
-0 .OB 
-0.06 
+O .03 
-0.38 
+O .31 
-0.08 
-0.08 
-0 .?a 
-0.15 

+O . m 
+R 28 
-0.18 
-0.17 
+ 0 . 3  
+O .07 
-0.16 -aw 
+a20 +o .13 
+O .03 
-0. ol 
-0.13 
-0.20 
-0.08 
-0.18 
-0.11 
+O .04 
-0.03 
+O .06 
-0.25 
+o .12 
-0.- 
-0.22 
+O .15 
-0.33 
-0.34 
+o .11 

-0 .OB 
+O .14 
-0.31 

+am 

+a% 

+a 15 

......... 

PROBABILITY OF GROUPS OF WET AND DRY YEARB- 
NOTATION . 

M =  true mean of a series of values of a given class of 

Mn. =mean of any series of m . events . 
I I  . =number of like events in a grou of like evenh . 
PI = probability of the occurrence of any given event . 
pu = probability of occurrence of a group of d i k e  

m.=number of events in a series . 
P, = probability of exceedance of an event . 
T, = averwe esceedance interval . 
N, =prob&le number of like groups of n events in a 

events . 

A =departure of any event from t% e mean . 

even& . 

record comprising m events . 
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Nu 7 probable number of events concentrated in groups 
of n-like events each in a record of m. evente. 

If a rainfall record coverin m years contains d ycpi-s 

precipitation greater than the mean, then the probability 

of occurrence of dry years is and the probability of 

with precipitation less than t. a e mean, and w years with 

a 
d+ut 

(1' 

i! +UY' ocmrrence ot wet years is 

If it is assumed that wet nncl dry g e r m  a . r ~  ec~ii~~.ll?; 
probable, then the probabilit,y .pl = lp2 for either a wi t .  
or a dr year. In accordance with a well-known theorem 

ro5abilities. t.he proba.bili tsy of the occurrence of 
n-li Of R e events in succession, where n trials are macle, is 
pn, or in the case assumed (3)". In this theorem it is 
assumed that the events are independen t ; in o t*h?r words! 
if an urn contains equal numbers of black and white bulls, 
the probability that if six balls are drawn, they will all 

be black, is (;>"a 

This has no reward to the question whether the nest 
subsequent ball &awn would be black or white. The 
question of the occurrence of groups of n wet or n dry 
years in a rainfall record is of somewhat a different 
nature, and is not subject merely to the conditions that 
there shall be some number n of like years in succession, 
but also to the condition that after these events have 
occurred the next event shall be of the o posite kind.' 

wet years, and the white balls as dry-years, the probtibility 
that the first two years of a series will be wet years is 1/4, 
and the probability that the nest subsequent year will 
be dry is 1/3; therefore the probability that the two wet 
years will occur, followed by a dry year, is 1/8. Sinii- 
larly, the probability of occurrence of t-hree successive 

Treating the black balls in the esamp Y e of the urn as 

like events is ( i ) J t  but the prohahility thnb t4hese three 

will occur and t,hat t8heg will be followed by an iiiilike 
event is (3)'. One group of three like events-plus. fn r  
example-having occurred, then, in circler thn t. t,hesc may 
be succeeded by another group, the nest succeeding 
group must he made up of niinua events. The chanx 
t,hat the first event of the succeeding group will be minus 
is 3; the cha.nce that three minus events will orcur in 
succession is (+)a; and the chmce bhat these will occur m d  
will be followed by a plus event., which is necessary t.o 
constitute R like group o.f three events, is (4)'. In ot.hr?.r 
words, when a group of three like events has oc.c.urre!l, 
the probability of its being succeeded by anot.her grorip 
of three like events of the opposite kind is- 

The same reasonin may be applied to an number of 

occurrence of wet or dry yetirs in groups of n ears each, 
is (+)"+I if wet and dry years are equally pro i able, or if 

years, with the res11 K t that the relative pro%abilities of 

- 
I Woodward: Probabillry and t h r o q ~  of errors. 
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wet and dry years are not equally probable, then we 
have- 

(.I) 

d+w. 

K Writing the formulaS in the form to give the probabilit 
of cither a phis or a minus group of n years, where bot 
are equally probable 

Pn = (3,"" f3) 
or 

(3) 

If Ng=probable number of occurrences of R group of 

(4) 
Also the length m of record in which there will be on 

an average one group of n-like events is obtained from the 
relation- 

or 

log ZJn= OI + 1) log += -0.698970 (?L+ 1) 
= - 0.70 (n+ 1) approx. 

P ,  is less than 1.0 and its logarithm is negative. 

n like events in a record of m eventer, then- 
N g  = mP, = m (3) n+l 

1 = m.,, (+) n+l 

1 log -=0.698970 (n$- 1) mu 
or 

log mu = 0.70 (n + 1) approx. 

Nu = mN, = mn (4) n+l 

(5) 
The probable number of events which will be concen- 

trated in groups of n-like events each is- 

(6) 
For exam le, the length of record in which a like group with 

Using the logarithmic expression, e uation (3), it is 
evident that the graph of this formu FT a will plot as a 
straight line on semi-logarithmic paper. Such a lotting 

of occurrence of n-like groups up to n = 19 can be read 
accurately in spite of small values of P. 

The author has been accustomed to use the term 
L I  esceedance frequency" or " exceedance probability" 
in the peculiar sense of the frequency or probability of 
a given value of an event being either equal ed or exceeded. 
The term will be used in the same sense here. Referring 
to column (2) of Table No. 2, it will be noted that the 
s u m  of the probability series for a given value of n, and 
for a.11 greater values, is equal to the probability for (n- 1). 
In  other words, the esceedance fre uency for any value 
nf n may he espressed by the formu Y a- 

n =  15 wi R occur once on an average is 15,259,000,000. 

is shown in Figure 1, from which the relative pro g ability 

Pe = P(n-1) (7) 
For example, t.he probability of occurrence of a group 

of either nine or any greater number of like years in a 
given record is the same as the proba.bility of occurrence 
of a group of just eight like years, namely, - - 1 

512 
1 After thls a er wm submitted for piiblkation the author's attention was called to 

the fa$ that &pi. W.Clough (Mo. WEATWR Rrd,Marrh, l%?l,pp.125 (5) and 123 (5) 
had vcn the formula for the number of n-iw grou s in a record of m events, whicb) 
can transformad into an e resston identical witE formula (2) van in this paper. 
The author has not been able?o flnd tlils formula in my other pusished work on the 
theorv ofststistics and it was worked out indeaendpntlv In thP oreoaration of thlsaamr. M r . ~ ~ ~ i o u ~ h ~ d ~ ~ s . n o t  ~~~e t~ source~i;bm - w ~ . c h - . ~ . ~ o ~ ~ ~ ~ ~ i . ~ b  his= rormulanor ~ w =  its 
derivation. He is however authority for the statemcut that the 881118 method w%q 
used by Bnpu B d t  in a stu& oftempcrature (Met. Zcil., l%l, p. 400. The obJect of 
the present a p r  is to resent the matter of practical sp lication o! thls important 
formula. witE sprcial refmnca to rainfall, in a manner reac~lo intelliithle to t h m  not 
versed in the advanred theories of statist&. 
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In t.he ncconipmying Table 2, assuming wet and dry 
yews equally probable, column (2) shows the relative 
probability of occurrence of groups of years all nlilre, 
either wet, or dry, each group containing the number of 
years indicated by '11. in column (1) .  Column (3) shows 
the robable nuniber of groups of n yews each which 
wou ? d occur in n record of 1,000 years. The resulting 
numbers of years which would probably be included in 
groups of d i k e  years each in a record of 1,000 years is 
shown in column (4). As a test, two series of 1,000 coin 
tossings were made under conditions insuring chance 
occurrence of hends (plus) md tails fininus). The 
results for each series nnrl the memi of tlie t,wo are shown 
in Table 2. 

In general the nunihars of  group^ md numbers of 
events falling in each n. group agree well wit.h the results 
given by t,he forniulaa. -4 peculiarity of forinula (1) is 
that the actual riiunber of ears coniprised in groups of 

snmn as the nuiiibor of years occurring sindy. This of 
coulve remits from the fact that t8he prohagility of two 
like ywrs in suc.ct.ession is one-half t,liats of an isolat.ed high 
or low vear, whrrsss the niiiiiher of yenrs in a group of 
two is dwhlc t.1in.t in 'rgrc)i.~ps" of one yetir. 

tw-o like years as indic.atet1 x y t>lie formula should be t.he 

TAB! E 3.  - - l c / i i , i l  u i i r t i t w x  nf qroirlv VI' t i - d  nitd t J y  ymrs iu  iwrioti.q 
prrcip'tot;on rccnrdx. 
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, I- , , I , , 

1 0 1 1 ? 1  
1 0 0 0 .... o 1 n 1 i 
2 0 1 I 1 ........ ....; ............. .... .............. I n 1 ............. .... ....I .... I .... I 1 0 I 1 I ............ 

........I .... I ........ i .... : ............ 
I ........ 
! I !  

............ ............ 

I 0 I 1 I 1 4  ._._I  

3.1 a 2% 
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1s ; 1 I !  
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TABLE 4.-Relntiiv numbers of groups of d i k e  years either 
winr ia  in  iwioica precipitntion and other reco1yld, redwed to l!!:: 
100 ytws record. 
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4T.72 32.19 51.41 40.W _. 10 3.o.y 1.94 2.50 
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-4s a test of the applicability of the theoretical formula 
here deduced to rainfall records, the actual number of 
occurrences of n.-like groups, both plus and minus, in 
several rainfall records, have been tabulated as shown 
in Table 3. The results are more readily comparable in 
the form in which they are presented, together with 
certain other data, in Table 4, in which the actual 
numbers of occurrences of ?dike groups have been 
reduced to the basis of equivalent numbers in a record 
of 100 events. To the data iven in Table 3 there have 
been added, in Table 4, the tgeoretical numbers of d i k e  
grou s (column (3)) the actual numbers of d i k e  grou s 
in dlf-Wolfers relative sun-spot numbers (column (37) 
and the occurrence of groups of cold and warm years in 
succession in the temperature record a t  San Die 0,  Calif. 
(column 10). Comparing columns (2) and (4),%ablo 4, 
it  will be not.ed that there is a slight deficiency of groups for 
n = 1 and n = 2. There is a considerable excess of groups 
for n= G in tlie Padua rainfall record and some deficiency 
in tlie occurrence of groups for most other values of n. 
The forinula would indicate the probable occurrence of 
0.78 of a grou of six like ears on an average per 100 

great a number of groups of six like years occurred. 
This seems to indicate a somewhat pronounced tendenc 
t.n ropetition of sis-yea,r periods in the Padua rainfall 
nnd sis being the nearest integer to the length of one- 
half of tlie 11.3-yea.r sun-spot cycle, a connection between 
t,he two might be inferred. There is. however, no great 
regularity in the time of occurrence of the six-year 
groups in Paclua, tis will be readily noted from Figure I .  
A comparison of the rl.c.tua1 with the probable distribu- 
tion of grou s of like years, regadless of their times of 
occurrence. {y the methods hereby given, map, however, 
lead to indications of a periodicity subject to discontinui- 
t,ies, as suggested by T ~ r n e r . ~  

In these studies like years n t  the heginnin and end of 

although it is not known whether the terminal groups 
in such cases were really complete or not; furthermore, 
fractional groups can not occur. although for large 
values of rc only a fractional group is indicated in general 
on tho average for 100 yews of record. As R result, one 

years of recor$wliere actua T ly 3.4 or nearly five times as 

n record have been counted as complete 7 ike groups, 

#Turner: Uisconllniiltios h i  inetcoro!o:lcill cvruts. ( )u ! r .  .Jo:ibr. Roy. .W. &VU.?., 
41:31Z-:G2, 1518. 
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h d s  oftentimes a single group with a relatively large 
value of n and the total omission of several roups with 

example in the case of the Padua precipitation, the total 
occurrence of groups with n greater than 7 is not far 
different from that indicated by chance. In  the case of 

still larger values of n, the result being t 7 iat, as for 

New Bedford nnd A41bany precipitation, there seems to 
be a tendency for a recurrenco of groups of about 9 
years' nvera .e duration, with n frequency 15 to 20 times 
as great as t R at, indicated by the lnws of chnnce. Refer- 
ring to Tnblo 3, it will bc noted tlint the Albany record 
contains one grcnip oi 17 like gears preceding the year 

1919. The record for 1919 shows that this was also 
deficient relative to the 93-year mem, which would 
make this group coniprise IS years, and it mny not yet 
be completed. However, analyzing the data for 46 
ye:irs, since the estnblishnient of the United States 
Weather Hureau station a t  Albnny, this group becomes 
subdivided into four like groups, t,iie longest of wvhic.11 
coniprises 12 low r:i,iafxll years. 

In the c.Jse of the possiblc sis-year periodicity indi- 
cat.ed for Pttdua, t.:w or three of the six-year 
would have become Gve-gem groups by a very 
change in the long tterni menn, less tlirm the 
error of the ohservn.tions. 

.I C'RITERION OF I'ERIODICITY. 

Arthur Sliuster (ref. 8) pointed out, in 1902 that evi- 
dence of perioclicity can be oht,ained hp the use of 
Fourier's series in any record of annual rninfall or similar 
data, and furthermore, since n cerhin nuniber of equal 
like groups would occur as n result of chance, t.he true 
indicat.ion of periotlicitv is not t,he total number of 
occurrenc.es of like groups of n \dues each in a given 
record, but only the excess in the number o€ such occur- 
rences over the probable chance occurrences. As will 
be seen from the above illus trntions, formula (2) supplies 
a niethod of determining this escess in the case of rainfall 
and similar records. 

It also a.ffords n niore tliract, and precise criterion of 
periodicity, to whic1i attent.ion will now be called. 

Rcferrinv to colunin (2) of Table 3, it is evident that 
the sum 07 the probal)ilit,y series is 3;  in otlier words, 
the prolmblt! t,otal nuniber of like groups of events in a 
record of .1/2. events is +w.  consecluent.ly the average 
len t.h o€ d l  t,he periods of n-like events occunlng in 

wvdd be 3.0. If the events (10  not occur in accordance 
wit11 the laws of chance, hut, are controlled by causes 
which render the occurrence of events more or less 
regularly periodic, t,lien it is evident t1in.t the merage 
nimiber of events in a like group would approach one- 
half of t,he length of t,he complete cycle or eriod as a 
limit in the mse of perfect periodicity. +I iese facts 
furnish a simple crit,erion of t,he t,entlency to yio(Iicit,y 
in a.ny rewrdq wliirh mny he calci11a.t.ei.l as fo lows: 

Cnllina consecu tk-e  evenk it11 above or all below the 
1iiea.n life events. coiint- t.he nuniim of groups of like 
events in t.ho rec..o.rtl, including as a group each single or 
isohted plus or ininus wont.. I& this number of grou s 
he C:. \vIirm 'n t .  is the t,ot,nl nilinher of ewnl.e.  'I'hen t. P le 

m 
nrc..r,qy niiniher o f  w-ent-s i n  81. l ike  groiip is - . a  Q 

the. 

siic a 8 record, in nccortlnnce wit11 the laws of chance, 

I %  1. IIC n\-cr:i,pe nriinher fcw c.hancc. dist.rihut.ion is 2 ; Jienrc~ 

Prrinc livit,y c-ri t.rric 811,  6 = 2,; IS) 
i!) 

Tllis oriterion is one-half uf the niiniber of like wrut s in 
an nverhp group. 

[t will be sfy11 tllat, t,]ir. ~?p.riotlic'it.y c.rit,erion is siniply 
tllc ratio of t,lie average nuinher of like. o-icnt,s per g ~ ~ n i p  
ill iyen recortl to t,\\-o, t.ho nuinbcr of c.vcnt.s per p i u p  
for c Y lance &st.ribution. Its nuniericd valuc. IS I .OO in 
t,11(! f.,f !jure c.Jiance o~.ci~rreiice of t,he e w n h  : wlicrens 
ft.,r purply (*j-clit* e\-ciits fri.t> from :dl c!iu,??f:t! variation 
it,s \.:llii(. is p(iu:iI t.o prt.&c!: O 1 d c ~ l I ~ t . 1 1  t l ~  l t !~~f i t , l i  (d 
I h C ?  c!ycll?. 
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Of course there will be some de arture froiii the 
theoretical group distribution in any Ai t e  series of pure 
chance events. In general the longer the series of 
fortuitous events the more closely will the grouping a,nree 
with the calculated distribution. If the occurrence of 
wet years,in a rainfall record, for example, is a matter 
of pure chance. then the periodicity criterion determined 
from the record may be espected to approach the mini- 
muni value 1.00 more and more closely as the cluration 
of the record increases. 

This criterion has an advantage over the use of Fou- 
rier's series in that it applies e i d l y  well to discontinu- 
oils periodicity in the sense 07 the term suggested by 
Turner (loc. cit.) as to periodicities re eated at regular 

for the reason that if in any record there is a preponder- 
ance of groups of d i k e  events, the excess of events com- 
prised in these groups must be drawn from other groups, 
and there will be a corresponding deficiency in the other 
groups, especially in the more numerous smaller groups, 
so that the average values of n and C, increase rapidly as 
the tendency to eriodicity increases. 

Referring to t R e average values of n for the different 
records as given at the foot of Table 4, it mill be noted 
that in the case of sunspot numbers, the value of 6' , 
periodicity criterion, is 2.5. This is not far  from one-hdf 
of the averago or 11.3- ear sunspot period. I n  other 

limitin value, although the periodicity of sunspot num- 
bers is % y no means perfect. I n  the case of rainfall rec- 
ords, the periodicity criterion is very nearly 1.0 in two 
instances; ranges from 1.16 to 1.28 in four instances; and 
exceeds 1.5 only in one instance, namely, Albany. In 
this case the large value is mainly due to the inclusion 
of the 17-year group of low years above cited. It will be 
noted that lack of homogeneity, in the record will tend to 
increase the criterion above its value 1.0 for pure chance 
occurrences, so that in so far as the criterion here used 
indicates, there is little valid evidence of definite perio- 
dicity in the rainfall records cited in Table 4, comparable 
with the periodicity of sunspot numbers. 

Another disturbing factor in most of the rainfall rec- 
ords used in Table 4 arises from the fact that the totals 
are for calendar years. If, as is usually the case, the 
rainfall shows a marked seasonal variation, then seasonal 
rather than annual totals will usually give more consist- 
ent results. As an illustration, the San Diego records 
of precipitation have been anal zed on the basis of sea- 

criterion very close to the minimum value corresponding 
to a urely chance occurrence of the dist.ribution of wet, 

The periodicity crit.erion can be applied to various 
other hydrologic data as well as to rninfall. Examples 
of the grouping of wet and dry years and t.he values of 
the mwdicit,y c.rit.erion for run-off records are sliown in 

The criterion of perioclici t.y gives of course only the 
meightd average of the various eriodicities if more than 
on0 exists in a given record. IPone ericticity prodomi- 
nates it is indicated by the criterion. 5 he criterion, how- 
ever, fails in the case of the perfect eriodicity of two 

is the same for perfect periodicity as it  would be for a 
purely chance Occurrence of the events. 

intervals with reference to a fixed epoc E . It is sensitive 

words, the criterion in t % is case approaches closely the 

sonal totals, and when so anayzed T 
a,nd cf ry years. 

Table 5, 

years' cycle, since for that case the v 9 ue of the criterion 

show a periodicity 
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1 Hall P. A. S. C. E. 
9 W. 14. Papem .U. 6. C. S. * W. S. Paper 415. 

CORRECTED C R I T E R I O N  FOR SHORT RECORDS.  

The precedin discussion is based on the assum t,ion 

occurrence of a grou of n-like years in a series of purely 
fortuit-ous events. $his is true only in case the record of 
events is of indefinitelv great length, or, in other words, if 
n1 is very large. As already pointed out, in t.he case of n 
relatively short record it is not known whether t,he initial 
tincl terminal grou Y nre complete or not. In the case of 

tion" is required to he applied t.0 formula (2 )  in order to 
det,erniine the true probability of the fortuitous occur- 
rence of a group of d i k e  events. After t.hs manuscript 
of this paper was submitted for publication the author's 
attent.ion was directed to a paper by Mr. H. W. Clough,' 
in which there is givcn a formula from which this end 
corrcction can be det,erniinecl. To dist>in uish them from 

t,he forniulns already given, t,he true probahilit,y of n roup 
of d i k e  fort.uit.ous events and t.he correct.cci perior 9; icity 
crit.erion will be designated P',.and C', respectively. ZTs- 
ing this not.at.ion the formula gwen hy Mr. C'lough xnng be 
UTI t ten 

that formula (8 gives correctly the probability o ! the 

such a short, recorc P what may be t,ermed an ' I  end correc- 

the approximate values for short, recorc f s derived from 

(9) 

Vahi.es of t,he cwrect.ion factor 10.- ti .- 1 for nny chosen 

vnli.res of m and c'un be read directly froin the diagram, 
Figure 2. Since the correct.ion factor is less than uni t  , 
it. follo\vs t.hn.t. t.he ,robahlo number of groups of li Q -e 

is less than as given by formuln 12). Hexice the true 
rivernge number of eveiit,s per group in n short, record 
is somewhat greater than the minimilin &vera e nuinbrr 
for ti  long record, as given by formula !?). %gain, the 
t.riio value of the periodicity criterion may lw written 

I ) ?  

cvent.s in n record o d w events, ns given by formiila io), 

(10) 

4 Cf. footnote 2. 
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where G as before is the actual avera e number of groups 

number of events per group in a record of urely fortuitous 

the value 2.00 in formula (8) and its value in eneral is 

determined without great labor for any duration of record, 
rn, by ap lying the correction factors from Figure 3 to 

for fortuitous events. Calculation of k for a record of 100 
events is given on Table 6. The calculation has been 
carried through only for ou s of 15 events or less. It 

of like events in a given record, and f is the true average 

events of the same duration, m. The va ! ue of k replaces 

somewhat greater than 2.00. The value of !$ can be 

the calc up ated number of groups for different values of n 

is not necessary to go fart %v er or the reason that although 

FIIJ. ?.-\'slues of the term (7n-n-1)/91 in the true formula for prohahilitp of ornlrrennm 
of a group nf n-llkpc\-t.nt.i. 

a. considerable correction is required in b!ie case of larger 
groups, the number of surh larger groups in a given record 
is generally insignificant. For H. record of 100 events, 
X. = 3.065. Referring to Table 4, the periodicity criterion 
C, for 100 years' rainfall rccord ab New Bedford was 
found to be 1.28, assuming 1.- 3.00. The average number 
of events per group in this rainfall record is 2.56 and the 
corrected criterion is 

C' - 2.56 = 1.24 instead of 1.38. ,-2.065 

The diff eronce is commonly of little significance. 

TABLE 6.-Calculalbn of corrected average number of events per group 
in a record of 100 forhitoua events. 

4 .............. I 3 . E  
J ............... 1.a 

I 7 .............. I 11.39 
I s .............. n.?o 

I -  . O .............. ! 0.58 

B ............... n.lo 

I? ............. I 0.012 i 

10 .............. 0.05 . 
11 .............I 0.025 

131 ............ ! 0 . d '  
11 ............. n .oo31 
15 ............. i 0.0015 I 

Correction 
factor. 

.9s 

.!I7 
!ni . !L5 

.SI . 93 . n.2 . R I  

.R9 . HS . R7 

.!ai 

.Rj 

.SI 

. 9n 

Total .... I 49.9975 I ............ I 48.415 
Average events per grou -100/4S.!A 

l-?.W.S. 

Of course, short records are of little value as a basis of 
determining periodic cycles. The author believes that 
it is better in general to adhere to the simple, though 

m approximate, formula C,,= (8) in most cases for the 
reasons : 

(1) The calculation is much simpler. 
(2) This Iorniula vires for any record of finite dura- 

tion B vnlue larger 8inn the true value of C,'; in other 
words it indicates w. rather greater probability of perio- 
dicity than a.ctuidly exists in the girm record. If, t,hen, 
the approsiniate forniuln (S) does not show definite evi- 
dence of eriodivity in any given record of events, it 

esists, and it is useloas to search further or to analyze the 
data by the laborious application of the Fourier series 
or other advanc.ed statistical methods. The ob'ect of 

no red, positive evidence of pcriodicity. In this sense 
formula (8) is perhiips more properly a criterion of non- 
periodicity than n periodicity criterion. What it really 
shows is the tendenc , if any (xists, toward a greater 
degree of grouping oYlike events than would probabl 

record, especidly one of short duration, considerable 
departures from t,lie icled fortuitous distribution of events 
can w.nd nnt irifreyuently will occur as tt result, of what 
iiiag be called secondary probability, but if there is true 
periodicity t,hcre must be a. systeiiintic departme of the 
goupin r of event.s froiii t,lie. purely fortuit.ous arrange- 
ment. he criterion s~iows whether there is any tendency 
t.o a. systematic! cnnrentmtion !.if thc events in grou s t,o a 
greut.cr es tent t.Iiiin \vould o c w r  fortuitously, w 9 iebher 
this is the result. o f  chnncc or true periodicit,y. If, then, 
the application of  the criterion show there is no such 
group concentartition there can apparently be no true 
pesiodicity in tlie phenomena. It may be noted, how- 
ever, that the criterion fails in case there is a t.rue perio- 
dicity with uniformly two events per grou . In  that case 
the value of tlic cri tcrion is unity, althougi tlie periodicity 
may be perfect. 

affords rat Y l  er positire evidence that no actual periodicity 

the method is to quickly eliniinnte cases where t 1 iere is 

occur fortuitously. I t  is true that in any individu 3 


